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Abstract. Let G be a group generated by a finite set A. An 
element g e G is a strict dead end of depth k (with respect to ^4) if 
\g\ > \gai\ > \gaia2\ > ■ ■ ■ > \ga1a2 ■ ■ ■ ak\ for any 01,02, . . . ,Ofe e 
A^^ such that the word 0102 • • • o/j is freely irreducible. (Here j^l 
is the distance from g to the identity in the Cayley graph of G.) 
We show that in finitely generated free soluble groups of degree 
d > 2 there exist strict dead elements of depth k = k{d), which 
grows exponentially with respect to d. 



Let G be a group generated by a finite set A. By C = C{G, A) 
we denote the right Cayley graph of G witli respect to A. Tfie set of 
vertices of this graph is G, the set of edges is G x A"^^. Every edge 
e = {g, a), where g E G, a E A"^^, starts in g and ends in ga. This edge 
is labelled by a. An inverse edge is = {ga,a~^). For every g E G 
let \g\ denote the distance in C from the vertex g to the identity. 

An element g is a. dead end in C whenever \g\ > \ga\ for all a G A^^. 
This concept was introduced by Bogopolski in One of the easiest 
examples is the following. Let us consider the group G = Z x Z2, where 
a, b generate the factors. It is easy to see that the Cayley graph of G in 
generators a, b has no dead end vertices. However, if the generating set 
is A = {a, ab}, then b becomes a dead end element. This example shows 
that being a dead end element strongly depends on the generating set. 
However, if the generating set is clear, we will often say that an element 
of G is (or is not) a dead end. 

A less trivial example of dead end elements comes from the R. Thomp- 
son group F. Recall that F is the group presented by 

( ^1, ^2, ... I XjXi = XiXj^i (j > i)). 

This group can be generated by xq, xi. In these generators, the group 
has infinitely many dead end elements. Say, g = x'^xiXqx^^Xq'^ will be 
a dead end element of length 11. One can see details in Jl]. (There 
are no dead end elements in F of length less than 11.) There are 
descriptions of all dead end elements in F given independently in [2] 
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and [S]. They are based on the representations of F in terms of (pairs 
of) rooted binary forests and trees, respectively. 

One can try to generahze the concept of a dead end element in differ- 
ent ways. Say, one can ask if there are elements in F with the following 
property: \g\ > \ga\ > \gab\ for all a, 6 e {x'^^^x^^} such that a, b are 
not inverses of each other. It can be shown that such elements do not 
exist jS]. 

One of the generalizations has been considered in [0] , see also |1] . Let 
G be a group and let A be its finite generating set. An element g E G 
is a dead end of depth k in the Cayley graph C{G, A) whenever the 
ball of radius k around g is contained in the ball of radius \g\ around 
the identity. In other words, \g\ > \gai\,\gaia2\,\gaia2 ■ ■ ■ a^l for all 
Oi, 02, . . . , cifc G v4^^. Hence each dead end element is a dead end of 
depth 2. It follows from that F has no dead ends of depth > 3 (the 
set of generators is {xo,xi} as above). 

One can ask whether there are groups whose Cayley graphs contain 
dead end elements of arbitrary depth. A positive answer is given in 
[H], where the group is the lamplighter group, which is the restricted 
wreath product Z2?Z with natural set of generators. Finitely presented 
examples of that kind are considered in j^. 

One more natural generalization comes as follows. Let us say that 
an element (7 G G is a strict dead end of depth k in the Cayley graph 
C{G,A) whenever \g\ > \gai\ > \gaia2\ > ■■■ > \gaia2---ak\ for all 
Oi, 02, . . . Qfc e A"^^ such that the word 0102 ■ ■ - a^ is freely irreducible. 
This means that if we travel in C from g along a path of length k with 
freely irreducible label, then we become closer and closer to the identity 
each time we go through an edge. Obviously, each dead end element is 
exactly a strict dead end element of depth 1. 

Unlike the case of (non-strict) dead end elements, it is obvious that 
any group can have strict dead elements of bounded depth only. Indeed, 
a group freely generated by A has no dead ends at all. If there is a 
nontrivial group relation between elements of A, then let us take the 
shortest one. If p denotes its length, then there are no strict dead end 
elements of depth k > [p/2]. The goal of this article is, given a k, to 
construct a group that has strict dead elements of depth k. Moreover, 
we find such examples among free soluble groups. These groups are not 
finitely presented if the degree of solvability is greater than or equal 
to 2 (see [^). However, an easy observation shows that the needed 
examples can be found in the class of finitely presented groups and 
even finite groups. 

We need to recall some facts from the Stallings theory of group ends. 
Let G be a finitely generated group. Let us consider its Cayley graph 
C = C{G, A) and take the ball Bn of radius n around the identity. The 
graph C — Bn (we delete all vertices at distance < n from the identity 
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and all edges coming out of them) may consist of several connected 
components. If n approaches infinity, then the number of infinite con- 
nected components of C — -B„ approaches some value that should be 
equal to 0, 1, 2, or infinity. This is the number of ends of the group G. 
It is independent on the choice of the finite generating set for G. It is 
obvious that G has zero ends if and only if it is finite. If G has two ends, 
then it is a finite extension of Z. If G has infinitely many ends, then 
G is a nontrivial amalgamated product or a nontrivial HNN-extension 
with finite amalgamated (associated) subgroup(s) [T7]. Therefore, in 
many cases we can conclude that a group has only one end. 

Now we need to recall some facts from |,.8.. that will play an important 
role for us. For some of them, we recall the idea of the proof for reader's 
convenience. 

Let be a free group with m generators and let R be its normal 
subgroup. We fix the standard generating set A for F^- This will also 
denote the generating sets for quotient groups F^Z-R and F^Z-R', where 
R! = [R, R] is the commutator subgroup of R. 

By Sol(m, d) we denote the free soluble group of rank m and degree 
of solvability d. This is the quotient ¥m/¥m\ where H^'^^ denotes the 
dth derived subgroup of H. This is defined inductively: H^'^^ = H and 
ff{n+i) ^ [i/W^ for all n>0. To work with free soluble groups, 
one needs to describe the connection between groups ¥m/R and ¥m/R' 
in its general form. 

There is a natural way to describe the solution to the word prob- 
lem in ¥m/R' based on some properties of the Cayley graph of ¥m/R- 
Moreover, the paper jH] contains an algorithm how to find the length 
of a given element in ¥m/ R' with respect to A. We need to introduce 
some terminology. 

Let r be a graph in the sense of Serre [l^ (that is, each edge has an 
inverse). A flow on F is a function fi from the set of edges E = -E(F) 
to M such that /i(e~^) = —^i{e) for all e E E. We say that /i(e) is a flow 
through the edge e. If F is locally finite, then we can define an inflow 
infl^(f) into a vertex v. This is the sum of flows through all edges e 
that have v as its terminal vertex. 

Given a flow /i on a graph, we will say that its support supp(/i) is a 
subgraph in F that is the union of all the edges e satisfying /i(e) ^ 
together with their endpoints. Thus fi has finite support if and only 
if /i(e) = for all but finitely many e E E. For an edge e G -E, we 
denote by Xe the characteristic flow of e on F. Namely, Xe(e) = 1, 
Xe(e~^) = —1, Xeix) = otherwise. Obviously, the set of flows on F 
forms a vector space. If we fix an orientation on F (that is, if we choose 
a subset E+ in E such that E^ contains exactly one of the edges e, 
for all e G -E), then the set of flows Xe, e G E^ forms a basis of the 
subspace of flows with finite support. 
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A flow on r is called balanced whenever the inflow into any vertex is 
zero. A flow on F is semi-balanced whenever there exist two vertices 
v^, v+ such that infl^(v_) — —1, infl^(v+) = 1 and infl^(x) = for all 
X 7^ v^,v^. Every path p in F induces a flow Xp T in the following 
way: if p = ei ■ ■ ■ e„ is a product of edges, then Xp = Xei H — • + Xe„ by 
definition. Such a fiow is always balanced or semi-balanced. 

Given a flow /i, an edge is called a P-edge whenever /i(e) > 0. If 
supp(/x) is finite, then the sum of fiows through all the P-edges is called 
the weight of /i. 

Lemma 1. Let fi a nonzero integer-valued flow on a graph F. Sup- 
pose that n is balanced and let supp(;u) be finite and connected. Then 
for any vertex v o/supp(/x), there exists a loop p at v in T such that 
p is a product of P-edges and every edge e & E occurs in this product 
exactly ii{e) times. 

Proof. Let N be the weight of /x. We proceed by induction on N. Let 
ei be any P-cdgc. For every i > 1, let Vi denote the terminal vertex of 
Cj. Since the infiow into Vi is zero, there exists a P-edge Cj+i starting at 
Vi. Since the support of /i is finite, some edges of the form Cj (i > 1) will 
repeat. Hence we can find a closed path of the form q — ej+i • • • Si+k, 
k >1 that consists of different P-edges. 

Let fi' = fi — Xq- Clearly, /i' is also balanced and has a finite support. 
The weight of /x' equals N — k < N. If /x' is zero, then we are done. 
Otherwise supp(//') is a union of its connected components Ei, . . . , 
(s > 1). We can apply the inductive assumption to the restriction of 
/i' on each of the components. 

It is easy to see that each E^ (1 < j < s) has a common vertex 
Vj with the path q. These vertices are different for different values of 
j. Changing the order of the components, we can assume that q — 
QoQi ' ' ' Qs, where Vj is the initial point of qj (1 < j < s). By the 
inductive assumption, there is a loop pj at Vj that contains each P-edge 
e of Ej exactly /i'(e) times {I < j < s). Now the path p = qoPiqi ■ ■ -Psls 
is the loop we wanted to find. □ 

Let G be a group generated by a finite set A. For every group word 
w over A there exists a unique path p — p{w) in the Cayley graph 

C = C{G, A) starting at the identity and labelled by -u;. So we can 
assign to w the flow fJ^p(w) on C. This flow is called the flow induced by 
the word w. It is obvious that if two words are equal in the free group, 
then they induce the same fiow. It is also obvious that the fiow induced 
by a word has finite support. It is balanced whenever p — p{w) is closed 
(that is, w equals 1 in G) and semi-balanced whenever p = p{w) is not 
closed (in this case f_ = 1, f+ = gf, where g & G is the element 
represented by w). It is easy to prove the following fact. 

Lemma 2. A flow ix on C — C{G, A) is induced by a word if and 
only if the following conditions hold: 
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• jj, is integer-valued, 

• fj, has finite support, 

• II is balanced or it is semi-balanced with f_ = 1. 

Proof. The "only if part is obvious. Now assume that a flow n satisfies 
all the three conditions. First of all, let /i be balanced. If supp(yLi) is 
connected, we find a path q from the identity to a point v in supp(/x) 
and a loop p from Lemma Q Then the label of qpq~^ will induce the 
desired fiow. If supp(/i) is not connected, then we take a product of 
words that induce the fiow for each of the connected components. 

In the semi-balanced case, let us assume that yU has the property 
infl^(l) = —1, infi^((7) = 1 with zero infiow into all the other vertices. 
Let us consider any path q labelled by a word Q that connects g and 
1. Let us add the fiow Xq to /x. This fiow will be balanced and thus 
induced by a word w. Clearly, the word wQ~^ will induce /x. □ 

The following fact has been proved in jH]. 

Lemma 3. Let R be a normal subgroup in the free group F^. Two 
words Wi, W2 are equal modulo the commutator subgroup R' if and only 
if they induce the same flow on the Cayley graph of¥m/R with respect 
to the natural set of generators. 

For the sake of completeness, let us recall the idea of the proof. A 
word w belongs to R if and only if the path p = p{w) is a loop in 
the Cayley graph C of ¥m,/R- Hence any word of the form [ri,r2] = 
rf^r^^rir2, where ri,r2 G R, will induce a zero fiow on C. The same 
holds for a product of these commutators, which implies the "only if 
part. To prove the converse, it suffices to choose a spanning subtree T 
in C. For each edge e, one can define a loop e = peq~^ at the identity, 
where p, q are geodesic paths in T that connect 1 with the initial and 
the terminal vertex of e, respectively. If wi, W2 induce the same fiow 
on C, then the paths p{wi), p{w2) have the same endpoints. Hence 
s = p{wi)p{w2)~^ will be the loop at the identity. If s = ei ■ ■ ■ e„ is the 
product of edges, then s is freely homotopic to the path ei ■ ■ ■ e„. Since 
the fiow Xs is zero, the number of occurrences of e in s is the same 
as the number of occurrences of e~^, for any e. Taking into account 
that e represents an element of R and the fact that e~^ = e~^, we 
conclude that the label of s equals 1 modulo R' (we do permutations 
in the product e^ - ■ -e^ cancelling each e with its inverse). 

The paper also has a description of lengths of all elements in 
¥m/R' and their minimal word representatives. This means that, given 
a word w, we can find a word v that equals w modulo R' and has the 
shortest possible length. (This word is not unique in general.) The 
length of the shortest representative of g is denoted by \g\ and it is 
called the length of the element g G ¥m/R'- In fact, the algorithm to 
find the length of an element given by a word w is polynomial on \w\. 
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(One can compare this situation with the one described in where 
it is shown that the problem to find the length of an element of the 
restricted wreath product Z ^ in its natural generators turns out to 
be NP-complete.) 

We need an explicit description of lengths of elements in ¥m/R' of 
some particular form. 

Lemma El shows us that any balanced fiow with finite support on the 
Cayley graph of ¥m/R is induced by a word w. It follows from Lemma 
El that w is defined uniquely modulo R'. Therefore, we can say that 
any fiow with the above properties defines canonically an element of 
¥m/R'- (In fact, all these elements form the subgroup R/R'.) 

The following statement is a partial case of [H Theorem 2]. 

Lemma 4. Let fi be a nonzero balanced flow with finite support on 
the Cayley graph of¥m/R- Let g G ¥m/R' be defined by this flow. 
Suppose that supp(/i) is connected. Let d be the distance from the 
identity to supp(/i) in the above Cayley graph. Then the length of 
the shortest word that represents g in W^/R' is given by the formula 
\g\ = N + 2d, where N is the weight of /x. 

Proof. Suppose that a word w induces the fiow from the statement. Let 
p = p{w) be the path labelled by w starting at the identity in the Cayley 
graph C of the group ¥m/R. Let q be the shortest subpath in p that 
contains all edges with nonzero fiow. Obviously, |g| > A^. If p = p'qp", 
then it is clear that \p'\, \p"\ > d. This proves that \w\ > N + 2d. 

Now let po be a path of length d that connects the identity with 
some vertex v from supp(/i). We know from Lemma Q that there is a 
loop p at V that consists of N edges such that each P-edge e occurs in 
p exactly /i(e) times. The path popp^^ has length N + 2d and its label 
represents g. Therefore, l^^l = + 2d. □ 

Now we are ready to present an example of a strict dead end element 
of depth 2 in a free metabelian group. For simplicity, we consider the 
group with 2 generators. Let yU be a balanced fiow given by the "thick" 
curve on the picture below. The curve or one of its appropriate cyclic 
shifts read in the clockwise direction will be denoted by p. 
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It is easy to see that the flow fi determines an element g & G = F2/F2, 
where g = h'^{ab~^)'^{b~^a~^)'^{a~^b)'^{ba)%~'^ . According to Lemma El 
the length oi g in G equals 20. In fact, there are many ways to express 
(7 by a word of minimal length. One can take any path q that connects 
the identity to a point on the curve p, then go around the curve and 
return back to the identity by the path . It is easy to see that the 
element gx has length 19 for any x G {a^^,6^^}. Indeed, one can 
choose q in such a way that the first edge e of g has label x. If g = eg', 
then the path qp{q')~^ representing gx has length 19. Therefore, the 
length of gx equals 19 (it cannot decrease by more than 1). 

Now let xy be any freely irreducible word of length 2 over the alpha- 
bet { a^^, }. Clearly, the path g of length 2 labelled by xy starting 
at the identity will end on the curve p. Then gxy is represented by the 
path qp of length 18, which is also the length of gxy in G. 

By definition, g & G is a. strict dead end element of depth 2. It is 
easy to see that g is not a strict dead end of depth 3 since gaba~^ has 
length 19. 

A group word in the alphabet {xi, . . . ,Xm} is called positive when- 
ever it does not contain letters of the form x~^ (1 < i < m). Here is 
one of the main results. 

Theorem 1. Let R be a normal subgroup in the free group of 
rank m > 1. Assume that the following three conditions hold: 

1) the group ¥m/R has exactly one end, 

2) there are no nonempty positive words in R, 

3) any nonempty cyclically reduced word in R has length at least p. 
Then the group G = F^/i?' has strict dead end elements of depth 

[p/2] - 1. 

Proof. Let A; = [p/2] — 1. It follows from the third condition that the 
ball Bk of radius k around the identity is a tree. Let C be the Cayley 
graph of ¥m/R and let C be the subgraph C — -Bfc-i- We claim that C 
is connected. 

Assume the contrary. Then C has more than one connected com- 
ponent. Only one of them is infinite because of the first condition. So 
there is a finite component F in C. Each vertex in C has degree at least 
2m — 1 > m since m > 2. Let us take any edge Ci in F with positive 
label and let Vi be its terminal vertex. There exists at least one edge 62 
with positive label that comes out of Vi. (Otherwise Vi has degree at 
most m.) Denoting the terminal vertex of 62 by V2, we see that there 
is an edge 63 that comes out of f 2 and has a positive label, and so on. 
Since F is finite, we will have repetition of vertices on some step and 
so there will be a positive nontrivial relation in R, which contradicts 
the second condition. 

Now we want to prove a slightly stronger fact. Suppose that e is an 
edge that belongs to C. We want to show that the graph C — e (we 
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remove the edges e^^) is still connected. Assume the contrary. Suppose 
that the endpoints of e belong to different connected components of 
C — e. One of these components must be finite. Let Vq be the endpoint 
of e that belongs to this finite component F. All vertices in F still have 
degree at least 2m — 1 in this component except for, possibly, wq, which 
has degree at least 2m— 2. Let ei be an edge that comes out of vq. If this 
edge has a positive label, then we can repeat the arguments from the 
previous paragraph. If the edge ei has a negative label, then we repeat 
the same arguments replacing "positive" by "negative" everywhere and 
get a contradiction. 

The fact that C — e is always connected means that each edge e in 
C belongs to a simple loop contained in C . We want to show that 
C contains a finite subgraph with certain properties. First of all, we 
connect each pair of vertices at a distance k from the identity by a 
path in C . This gives a finite subgraph in C . Now, for each edge of 
this subgraph, we choose a simple loop in C that contains this edge. 
We add all these loops to the subgraph and get a new finite connected 
subgraph E. By the construction, each edge of E is contained in a 
simple loop that is contained in S. 

Let ei, 62, . . . , ej be all positively labelled edges of S and let gi, ^2, 
. . . , gt be simple loops that contain these edges, respectively (we allow 
some of the loops coincide). For every 1 < z < t, let us consider the 
flow 2*Xg. and let /i be the sum of these flows. Clearly, is balanced 
and [x{ei) 7^ for all 1 < z < t. Indeed, for any Cj let j be the smallest 
number such that ef^ occurs in qj. Clearly, j < i and //(cj) equals 2^ 
modulo 2-'^^. 

The identity element is at a distance k from S. If is the weight 
of /i, then the element g in ¥m/R' represented by /i has length N + 2k 
in this group according to Lemma IH We claim that g is a. strict dead 
end element of depth at least k in ¥m/R'- 

Indeed, let ai ■ ■ ■ be any freely irreducible word in the generators of 
G. We want to prove that \g\ > \gai\ > \gaia2\ > ■ ■ ■ > \ga1a2 ■ ■ -akl- 
We show that \gai---ai\ = \g\ — i for all < i < A;. Obviously, 
\gai ■ ■ ■ aj_iaj| > 1(71 — i. On the other hand, let q be the path of length 
k that connects 1 to a vertex v in S such that q = q'q" and the label of q' 
is 0102 ■ ■ ■ ai. By Lemma there exists a loop p at f of length A^ that 
induces /i. Then the label of the path qp{q")^^ represents gai ■ ■ ■ ai. 
The length of this path is \g\ — \q'\ = \g\ — i. This implies what we 
wanted to prove. □ 

Let us estimate the length of a shortest nontrivial relation in 
Sol(m, d), where m > 1. It is not hard to see that pi = 4, p2 = 14. In 
general, we have the following rough estimate. 
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Lemma 5. Let be the length of the shortest nontrivial relation in 
the free soluble group Sol(m, d), where m > 1, d > 1. Then p^+i > Sp^ 
for all d > 1 . 

Proof. Let R = ¥m^ . Suppose that w is a shortest nontrivial word that 
represents 1 in ¥m/R'. By Lemma 01 w induces a zero flow on the 
Cayley graph C of ¥m/R- Let p = p{w) be the path in C labelled by w 
starting at 1. Clearly, p cannot have (cyclic) subpaths of the form ee~^, 
where e is an edge. (Otherwise w is not a shortest nontrivial relation.) 

Let r be a subgraph in C formed by all the edges that occur in p. It 
is obvious that F is connected; it is also clear that F has no vertices of 
degree 1. 

One can observe that F is not a circle, that is, it cannot have rank 
1 (a rank of a connected graph is the rank of its fundamental group). 
Hence the rank of F is at least 2. It is well known that each graph of 
rank greater than 1 has a (geometric) subgraph of one of the following 
forms (cf. [Oj): 




a) b) c) 

We see that a) can be considered as a partial case of b) with r as the 
empty path. Since p goes at least once through each edge of F in both 
directions, one can estimate the length of p as \p\ > 2(|s| + |t| + |r|) in 
b) and c). Since every nontrivial relation in ¥m/R has length at least 
Pd, we can conclude that \s\, \t\ > ra in the case b) and so \p\ > ipd- In 
the case c), we have loops sr, r~^t, and st, each of length at least r^. 
Hence \p\ > 2{\s\ + \t\ + \q\) = {\s\ + \q\) + (|g| + \t\) + {\s\ + \t\) > Spa. 
Therefore, we always have p^+i >Spd- □ 

Lemma El immediately implies that Pd ^ 4: ■ 3^^"^ for the group 
Sol(m, d), where m > 1, d > 1. 

Now we can apply Theorem ^ to extract a corollary for the case of 
free soluble groups. 

Theorem 2. If m> 1, d>2, then the free soluble group Sol(m, ci) 
has strict dead end elements of depth at least 2 ■ 3^"^ — 1. 

Proof. Free soluble groups have only one end in the sense of Stallings. 
Indeed, they are not virtually cyclic and they cannot be presented as a 
nontrivial amalgamated product or an HNN-extension. Let i? = F^^ ^\ 
Every nontrivial word in the commutator subgroup of has zero 
exponent sum on each generator. Hence the only positive word in 
R ^ F^ is the empty word. It follows from Lemma El that the length 
of the shortest nontrivial relation in R is pd-i > 4 ■ 3°'"^. Now we apply 
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Theorem [T] and conclude that the group Sol(m, c/) = F^/i?' has strict 
dead end elements of depth at least [pd-i/l] — 1 > 2 ■ S"^"^ — 1. □ 

Notice that the groups Sol(m, d) are not finitely presented whenever 
m > 1, (i > 2 by a result of JH]- However, they are residually finite 
jlUj . Therefore, for any k > 1 there exist finitely presented and even 
finite groups with strict dead end elements of depth k. 

Remark. The solution to the word problem in free soluble groups 
gives rise to a question about growth functions for these groups. Recall 
that if C = C{G, A), then the growth function of G with respect to A 
is the sequence 6„ = Card(i?„), where Bn denotes the ball of radius n 
in C. The limit (3 = lim„_,oo always exists; it is called the growth 
rate of G (with respect to A). 

Even in the case of G = Sol(2,2), a 2-generated free metabelian 
group, neither the growth function nor the growth rate is known. A 
lower bound for the growth function of G is the number of self-avoiding 
walks (SAW) of length n in the square lattice starting at the iden- 
tity (different self-avoiding paths represent different elements of G by 
Lemma ^ . The exact value of the growth rate of SAW is not known 
although more than 10 of its decimal digits were found So the 

growth rate of G satisfies inequality (3 > 2.63815853034. 

Notice that for some metabelian 2-generated groups both the growth 
rate and the growth function are known. Say, Parry p3] found them for 
the restricted wreath product Z^Z and for some other groups. For Z?Z, 
the growth function is rational and the growth rate equals a/2 + 1. In 
[Zj it is shown that the growth functions of Baumslag - Solitar groups 
BS{1, n) are rational; their growth rates do not exceed the above value 
V2 + 1. 

In a recent paper [1 , the authors prove that the growth rate of the 
free soluble group Sol(m, d) approaches 2m — 1 as — > oo. This shows 
that the growth rate of amenable groups with m generators can be 
arbitrarily close to the maximum value 2m — 1. 
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